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1. Introduction

In recent attempts to stabilise moduli in string compactifications fluxes have played a
crucial role. It has also been realised that the notion of flux can be generalised to include
geometric fluxes which can be described in terms of manifolds with restricted structure
group. In this paper we will concentrate on six-dimensional manifolds with SU(3) structure
which are the nearest cousins of Calabi-Yau manifolds. There exists a further generalisation
to non-geometric fluxes which are related to backgrounds with SU(3) x SU(3) structure,
but in this paper we will stay in the realm of geometric compactifications.

In the context of heterotic string compactifications, manifolds with SU(3) structure
play an important role. Soon after Calabi-Yau compactifications were proposed in ref. [[I] it
was realised that in the presence of H-flux, the supersymmetric ground state of the heterotic
string corresponds to an internal manifold which is complex, but non-Kéhler [P, f]. More

recently, in refs. [f]-[[7 such compactifications were classified in terms of SU(3) structures



which is the natural way to approach this problem. It was argued in refs. [, §, [(1]] that in
this way a superpotential is generated and some of the Calabi-Yau moduli get fixed.

This mechanism for moduli stabilisation is one of the most attractive phenomenological
features of SU(3) structure compactifications, particularly in the context of the heterotic
string, where only one type of conventional flux, NS-NS flux, is available. For Calabi-Yau
compactifications, this stabilises the complex structure moduli [I§ but not the Kéhler
moduli (and the dilaton) which remain flat directions. The only know way to generate a
perturbative superpotential for the Kéhler moduli is indeed to use manifolds with SU(3)
structure. In this paper we shall restrict our attention to a class of manifolds with SU(3)
structure — termed half-flat manifolds [[9] — which first appeared in string compactifica-
tions in the context of mirror symmetry in the presence of NS-NS fluxes [R0, R1]. In order
to distinguish the specific type of manifolds discussed in [2d, RI] from the more general
family of half-flat manifolds we will denote them as half-flat mirror manifolds. A more
explicit explanation of what we understand by these manifolds can be found at the be-
ginning of section B.1. In ref. [P the superpotential for such manifolds, was derived and
subsequently analysed in ref. [23]. However, the analysis was restricted to the gravitational
sector (zeroth order in o) and the gauge/matter sector was not addressed in detail. A
detailed analysis turned out to be quite involved due to the large number of terms which
appear in the reduction of a 10-dimensional gauge theory to four dimensions.

In this paper, we will show how to overcome these difficulties, using the heterotic
Gukov formula for the superpotential (for the original version of the formula in the context
of type IIA and M theory see refs. [24, RJ]). Based on this approach we will explicitly
calculate the four-dimensional effective theory including the gauge field sector for heterotic
compactifications on half-flat mirror manifolds and their generalisations. This result will
allow us to address a number of questions which have been the main motivation behind
this work. What is the four-dimensional low-energy gauge group for such non Calabi-Yau
compactifications? What is the four-dimensional (gauge matter) particle spectrum? Do
any of these four-dimensional gauge matter fields pick up masses from the (geometrical)
fluxes? Is the low-energy gauge group spontaneously broken?

Let us explain in more detail how we proceed in deriving the four-dimensional effective
theory. Ome of the main obstacles to overcome in heterotic string compactifications is to
find a solution to the Bianchi identity for the NS-NS field strength H. Since our knowledge
about manifolds with SU(3) structure is fairly limited explicitely constructing bundles over
such spaces is an ambitious task (for recent developments see refs. [2f, R7). Nevertheless
we always have the standard embedding at our disposal where the background gauge field is
set equal to the spin connection. It represents the simplest solution to the Bianchi identity
and will be adopted in this paper. To determine the expansion of the 10-dimensional fields
into low-energy modes we will be guided by an ”perturbative principle” which has been
proposed and successfully applied to type II string theory in ref. [20, P1] and has been shown
in ref. [29] to lead to a consistent description of the gravitational sector in heterotic theories.
The basic assumption underlying this principle is that half-flat mirror manifolds (and
their generalisations) can be considered as ”perturbations” of Calabi-Yau manifolds and,
hence, that their low-energy spectrum is identical to the one of the associated Calabi-Yau



manifolds. We will show that this principle leads to a consistent description of the heterotic
gauge field sector. In particular, we will show that the low-energy gauge group remains
F in agreement with the perturbative approach. This conclusion may be surprising since
the Levi-Civita connection for manifolds with SU(3) structure has, in general, a holonomy
group SO(6) ~ SU(4) which suggests the low-energy gauge group SO(10). This is, in fact,
what has been proposed in ref. [29]. Here we will show that Eg is the correct low-energy
gauge group.

Having decided upon the expansion of 10-dimensional fields into low-energy modes we
will use the heterotic Gukov formula for the superpotential (gravitino mass)

K/2 QA (H+idJ), (1.1)

o®
~ V2Kl /

which was derived from first principles in ref. [R2). It provides a way of computing the
Kahler potential K and superpotential W of the low-energy theory in terms of the NS-
NS flux H and the forms ©Q and J which characterise the SU(3) structure. For half-
flat mirror manifolds, both H and dJ are non-zero at zeroth order in o/ and this leads
to a superpotential which is linear in the Kéahler moduli PJ]. At first order in o the
above formula receives a contribution from the Chern-Simons correction to H. Given
the expansion of the gauge fields we can explicitely compute the Chern-Simons term and
integrate to obtain the superpotential including matter field terms.

It has been known since the early work in ref. [R§ that the definition of the Kihler
moduli in terms of the 10-dimensional fields is modified at first order in o’ by a certain
combination of the matter fields. This aspect of compactifications with matter fields often
significantly complicates the task of finding the correct definitions of the low-energy fields.
In our context this problem can be quite elegantly dealt with. Due to the existence of a
Kéahler-moduli dependent superpotential at zeroth order in o’ one expects the matter field
corrections to appear at order o/ in eq. ([[.]). This is indeed what we will find. The correct
definition of the moduli can then be read off from these additional terms. Based on these
ideas we will carry out the full reduction for half-flat mirror manifolds [Rd, and then
extend the results to the generalised half-flat manifolds introduced in refs. [29, BJ].

The paper is organised as follows. We start with a review of heterotic Calabi-Yau
compactifications based on the standard embedding. This is mostly to fix conventions
and as a reference point for the more involved calculation in the half-flat case. Then, in
section [, we perform the analogous analysis for half-flat mirror manifolds. In section B.2,
we first discuss the Bianchi identity, in section B.3 we compute the gravitino mass and,
finally, in section B.4, we find the associated four-dimensional effective theory. For the
correct interpretation of the result it will prove useful to include H-flux which we will do
in section B.5. Then, in section [, we extend the results of section [J to generalised half-flat
manifolds. Finally, in section [, we conclude and present future directions for research.
Formulae and conventions for Calabi-Yau manifolds and the group Eg have been collected
in the appendix.



2. Warm up: Calabi-Yau compactifications of the heterotic string

In this section we perform the compactification of the heterotic string on Calabi-Yau man-
ifolds using the standard embedding. Since this material is well-known we will keep the
discussion brief and we refer the reader to the standard textbooks, for example [BI], for a
more detailed treatment. However, in view of our earlier discussion, we will perform the
computation in the gauge matter sector in an unusual way, using the Gukov formula ([L.1).

2.1 The spectrum in 10 and 4 dimensions

We start with the low energy action of the heterotic string in 10 dimensions which is given
by supergravity coupled to a super-Yang-Mills theory with gauge group Fg x Eg.! The
bosonic spectrum — which is what we are mostly interested in — is given by the graviton
GMN, the antisymmetric tensor field Byn and the dilaton ¢ in the gravity sector and by
the gauge fields A{V[, where I is an adjoint index of Fg X Fg and runs from 1,...,496. The
action for these fields is given by

1

1 )
5:_5/62(25 [R*l—4d¢/\*d¢+§H/\*H+o/ (TrF/\*F—trRz)} . (21)

where trR? stands for the Gauss-Bonet combination. Here we have kept the dependence
on o which is going to be a useful expansion parameter. We will neglect any terms at
order o2 or higher. The field strengths F and H are defined by

F=dA+ANA, (2.2)

and
H=dB + o/(wL — wYM) . (2.3)

Here wy, and wyy; are the Chern-Simons three-forms

wL:tr<RAw— wmzmw) : (2.4)

1
3

1
wYM:Tr<F/\A—§A/\A/\A> . (2.5)

The modified spin connection one-form, w, is given in terms of the Levi-Civita connection,

w, by [BI

1

- §HMNP ) (2.6)

R P
WMN = WMN

and all curvature tensors denoted by R are computed in terms of this modified connection.
Finally, the symbol Tr above denotes 1/30 of the trace in the adjoint of Eg x Fs.
Taking the exterior derivative of eq. (B.J) one obtains the well-known Bianchi identity

dH = o/ (ttRAR—TrF AF) . (2.7)

Mn this paper we focus on Fg x Eg and do not discuss the SO(32) case.



The simplest solution to this equation — which we will also adopt in this paper — is the
so called standard embedding where the background gauge field (for one of the Eg group
factors) is set equal to the spin connection w. In the absence of H-fluxes the connection has
SU(3) holonomy and this choice of background breaks the gauge group to Egx Es. Here and
in the rest of the paper we shall always have a ”hidden sector” Eg gauge factor which we will
often omit from the discussion. The gauge matter fields which reside in four-dimensional
chiral multiplets arise from the internal components of the gauge fields and consist of h?!
27-plets and hb! 27-plets where h»! and h?! denote the Hodge numbers of the Calabi-Yau
manifold. Therefore the net number of families is given by |hb! — h21| = |x|/2.

In addition to the fields discussed above there are a number of gravitational fields.
Apart from the four-dimensional metric tensor in the gravity multiplet we have h'! (com-
plexified) Kihler moduli, ¢!, and h?!' complex structure moduli, 2%, as well as the axio-
dilaton s, all of them in four-dimensional chiral multiplets. Finally we have the so called
”bundle moduli” which parameterise deformations of the gauge bundle. In this paper we
will not be concerned with this last class of fields and we will ignore them.

2.2 Four-dimensional effective action

Let us move on to the four-dimensional action for the fields described above. It will be
useful to organise the discussion according to the order in o’ at which different terms
appear. Let us start with order zero. At this order, only the compactification of ten
dimensional supergravity contributes and leads to the four-dimensional supergravity sector
coupled to the moduli fields. The action is given by?

1 1 . .

S0 kinetic = — / [5}% *1 4+ do A xdo + Ze4¢da N xda + gidt" N xdt! + g pdz® N *dz?
where t' denote the complexified Kéhler moduli. They are obtained by expanding the
complexified Kéhler form B + ¢J into two-forms wj,

B+iJ = (b’ + ivw; = tw; , (2.8)

with 4,7,... = 1,...,hb1. Further, 2% denote the complex structure moduli introduced in
eq. (@), ¢ is the four-dimensional dilaton and its partner a, the universal axion, is the
dual of the four-dimensional tensor field B,,. The kinetic terms in (B.§) can be obtained
from the usual zeroth order Kéhler potential, Ky, given by

Ky= Kk + K+ K, (2.9)
with

Ko = —In (K||Q]?) , (2.10)

Kig = —-Ink, (2.11)

K, = —log(i(s — s)) (2.12)

2For our conventions, see appendix @



and
s=a+ie 2, (2.13)

Here, K denotes the Calabi-Yau volume ([A.12) and € is the holomorphic (3,0) form.
Explicit expressions for Kx and K¢ are given in appendix [A.9. At zeroth order in o/, the
superpotential Wy vanishes and, hence, the above Kahler potential completely specifies the
theory at this order.

Let us now discuss the ten-dimensional gauge fields and their descendants in four
dimensions which appear at first order in o/. For the standard embedding case the massless
matter fields can be obtained from expanding the internal gauge-fields in (0, 1) harmonic
forms with values in the holomorphic and anti-holomorphic tangent bundle. On a Calabi-
Yau manifold these spaces are known to be isomorphic to the cohomology groups H?!(X)
and H''(X) and we can, therefore, write

Az = AY 4 AW (2.14)
- 3 P iP 8 a
AG = 1190172 wi)a e5TpC" + 1201V (na)a"e5Tp D . (2.15)

Here CP and D?F denote the matter fields in the 27 and 27 respectively, w; are the
harmonic (1, 1) forms introduced earlier and the rank two symmetric tensors 7, are defined
in terms of the (2, 1) forms, see eq. (A.1H). By A we have denoted the background gauge
field and A contains the matter field fluctuations around this background. Having chosen
the standard embedding, the background is set equal to the Calabi-Yau spin-connection,
that is

AY = . 9°7 (2.16)

where S7 are the generators of SU(3) C Eg, defined in appendix[A.3. Note that the indices
6 and 7 should in principle be tangent space indices. We have glossed over this subtlety in
the above formula in order not to overload the notation. In (2.14) however, the nature of
indices is important, especially when taking derivatives, and therefore we have explicitely
included the vielbeins to convert between curved and tangent space indices. Note the
factors ||Q||=!/3 in the expansion (R.1§) which correspond to a particular definition of the
gauge matter fields CiP and DF. As we shall see below these factors are required in order
to make the superpotential holomorphic. Note that ||Q2|| does not depend on the Calabi-Yau
coordinates and, therefore, these additional factors do not complicate the calculation.

The kinetic terms for the gauge matter fields can be easily obtained by calculating the
field strength (specifically the components with one internal and one external leg) associ-
ated to eq. (P.15) and inserting the result into the Yang-Mills part of the 10-dimensional
action (R.1). One finds

S kinetic = —0 / [4ginQH—2/3dC]ia A *dCIT + g,5/1Q|*2d D™ A *dpgi] . (217)

These kinetic terms can be obtained from the matter field Kéhler potential

Ky = 40/g;||Q)] "B CHCOP + o g,4/1Q1 72D DY (2.18)



which should be added to the zeroth order result (R.9). Up to constant normalisations this
is precisely the Kéhler potential computed in ref. [B], which confirms the expansion (2.17).

The scalar potential for the gauge matter fields can be calculated by computing the
purely internal components of the field strength associated to egs. (R.14), (.1§) and in-
serting the result into the Yang-Mills part of the 10-dimensional action (R.). One may
then attempt to read off the superpotential and the D-terms from the result. However, as
discussed earlier, there is a simpler and cleaner way of deriving the superpotential based on
the heterotic Gukov formula ([L.1). Let us follow this route and see how the known result
for the matter field superpotential can be reproduced.

In the case presently under discussion, that is Calabi-Yau compactifications in the
absence of H-flux, no superpotential arises at zeroth order in o’ as is clear from the Gukov
formula ([.T)). However, at first order in o/, H can still pick up a purely internal component
due to the Chern-Simons term in eq. (B.7). Therefore, using egs. (2.3), (B-4) and (R.5) with
the gauge field Ansatz (R.14) inserted, the Gukov formula ([.T) can be written as

(1
W:a'/Q/\(wL—wYM):—o//Q/\Tr(F/\A—%A/\A/\A) . (2.19)

In this equation, the pure Yang-Mills background contribution due to A® and its field
strength
FO =gA® 4 A0 A 40 (2.20)

is canceled by the Lorentz Chern-Simons term by virtue of the standard embedding. It
should, therefore, be omitted from the expression on the r.h.s. of eq. (R.19) which is indi-
cated by the superscript (1). Hence, only terms at least linear in AW or its field strength
contribute. In addition, due to the presence of Q in eq. (R.19) only the (0,3) piece of
the Chern-Simons term is relevant. Therefore only the (0,2) part of F, Flo,2), enters the
calculation. Since we have expanded the gauge fields in (0, 1) harmonic forms with values
in the (anti)holomorphic tangent bundle the part of Fg o) linear in AWM vanishes. Let us
see more explicitly how this works. The terms which are linear in the matter fields can
schematically be written as

FO — g4® 4 2[A(0)7A(1)] . (2.21)

In the first term the derivative can act on the forms w; and 7, or on the vielbeins. When
the derivatives act on the forms then, due to antisymmetrisation, we end up with exterior
derivatives, which vanish in the Calabi-Yau case. The remainder takes the form

(FD)as = 1013 ()™ | V5 Ty + wys Top, S7e ] = (G = B) + -
= |23 (na)a” [Vgeﬂ - w@leﬁ] Top— (@ )+, (2.22)

where we have focused on terms containing 7, and the dots stand for analogous terms
containing w; . In the last equality we have used the commutator (jA.20). Note that the
second term in this commutation relation does not contribute as the spin connection is a
SU(3) Lie algebra valued one-form and therefore its contraction with the metric vanishes.



In the bracket we recognise the defining equation for the spin connection in terms of the
vielbein and, hence, the above terms vanish. The same conclusion holds for the terms
containing w; and, hence, F(!) is zero. Thus we have indeed shown that (0,2) part of the
field strength originates from the commutator term, that is

Fg =AW A AL (2.23)

or in components

Fap = [HQH_V?’(%)JT@C"PJr 12112 ()3T, p D2 197 (w)) 5 TspC7

+HQH1/3(77b)%T5RDbR] : (2.24)
Based on this result, let us now perform a similar analysis for the full combination of
Chern-Simons terms in (2.19). We have already mentioned that the pure background part
in this combination cancels between the gravity and gauge field terms due to the standard
embedding. Linear terms in A cannot be present as they would lead to gauge non-
invariant terms in the superpotential. Hence, we are left with quadratic and cubic terms

in A, However, using (B-23), it is easy to see that the terms quadratic in AW cancel in
eq. (B.19). Therefore we can write the superpotential for the charged fields as

W= —o/% /Q A Tr <A(1) AAD A A(1>) : (2.25)

Substituting the expression (B:13) for A1) we obtain the final result for the order o su-
perpotential, Wy, which reads®

1 . .
W, = —go/ [ijg’Cz‘jkCZPC]RCkS +jPRS/CabcDaPDbRDCS] - (2.26)

Here we have used the trace relation () and K;j;, and I@abc are the triple intersection
numbers defined in eqs. (A.1§) and (A.21). This is the well-known cubic superpotential
which we have derived from the heterotic Gukov formula ([L.1]).

In order to compute the N = 1 supergravity potential we also need the D-terms. Given

that we know the matter field content and the K&ahler potential, these can, of course, be
calculated purely from N = 1 supergravity [Bj

D* = Gy(T*)! ;¢ . (2.27)

Here, G are the derivatives of the supergravity G-function, G = K + In|W |?, with respect
to the matter fields ¢! and T* denote the gauge group generators in the representation
in which &; transforms. However, as a useful consistency check, the D-terms can also be
directly obtained from 10 dimensions using the formula [B]

DT — /F"” AT (2.28)

3In the context of heterotic M-theory a similar method for deriving this superpotential was recently used
in |



which is similar to the Gukov formula ([L.1]) for the superpotential. Here z is an Eg adjoint
index. Since J is a (1, 1)-form we need the (1, 1) components of F' to evaluate the expression
on the r.h.s. . They can be calculated similar to the (0,2) component of F' above, the main
difference being that antisymmetrisation of the indices does not lead to exterior derivatives
so terms with derivatives acting on forms no longer vanish. Instead, we have

0 - % iP a
Fop = By + 19170 Va(wi) T, pC'F + 190V ()" T p D*F
NIV (wi)a TypCF = 1912V p()a Ty p D77 + [AD), AD] . (2.29)

Contributions to the D-terms can only arise from terms which involve Fg generators and,
hence, recalling the commutation relations (JA.2), only from the last term in the above

expression. Performing the integral in (2.2§) we obtain

D® = 40|73 g;; ¢ CIREE , — [|Q|[3 g5 D" DR (2.30)
which is precisely what one obtains from the supergravity formula (2.27) applied to (.1§).
This ends our review of heterotic Calabi-Yau compactifications with standard embedding.

3. Compactification on half-flat mirror manifolds

In this section, we will compactify the heterotic string, including its gauge field sector, on
half-flat mirror manifolds [R0], following the strategy outlined in the previous section. Due
to the lack of explicit constructions for these manifolds, a rigorous derivation is not really
possible. Instead we will adopt a “perturbative approach”, as in ref. R0, BI]. In general,
a Calabi-Yau manifold, Y, has a mirror dual, X and a half-flat mirror dual, X’ obtained
when NS-NS flux is added on Y. In ref. (] it was argued that in a certain region of the
moduli space one can view the manifold X’ as a small variation of the manifold X. We
shall precisely work under these assumptions and we consequently denote the manifold X
as the Calabi-Yau manifold related or associated to the half-flat mirror manifold X’. Many
of the standard Calabi-Yau methods on X can then be transferred to the half-flat mirror
manifold X’. This approach has been successfully applied to type II mirror symmetry [R(
and to the gravitation sector of the heterotic string [RZ].

Let us be more explicit about this approximation and point out some of its conse-
quences. As it will become clear in the next section we will introduce parameters e; to
quantify the departure form ordinary Calabi-Yau manifolds. Therefore one of the main
assumption is that these parameters are small and terms which contain more than two
powers of e; will be neglected. By the perturbative approach we will still consider a ten-
dimensional background metric which is a product of a four-dimensional Minkowski space
and the metric on the internal manifold. For this to be a solution of the ten-dimensional
supersymmetry equations, the manifold with SU(3) structure has to obey certain condi-
tions [, f, [, [F]. We do not impose these conditions on the compactification manifolds
in the first place as our purpose here is only to obtain a low energy effective action. The
condition we should however require for a consistent result, is that the (supersymmetric)
minima of the (super)potential we find here should be at points in the moduli space where



the ten-dimensional equations are indeed satisfied. We will deal with these conditions
elsewhere [B7.

After a brief review of manifolds with SU(3) structure and half-flat mirror manifolds
in the next sub-section, we will start by finding a solution to the Bianchi identity (R.7)
for half-flat mirror manifolds which is analogous to the standard embedding. Then, we
will evaluate the heterotic Gukov formula ([[.T) for half-flat mirror manifolds. In the pure
Calabi-Yau case, evaluating this formula has given us information merely about the matter
field superpotential but not the Kéahler potential, despite the explicit Kéhler potential
dependence in eq. ([L.]). The reason is that the superpotential in the standard Calabi-Yau
case is of order o’ and, hence, calculating the matter field Kéhler potential (which is also of
order o) requires evaluating eq. ([.) at order a’?. Terms at this order are beyond the scope
of our calculation and, therefore, we resorted to a standard reduction of the Yang-Mills
action to determine the Kéhler potential from the matter field kinetic terms. For half-flat
mirror manifolds, on the other hand, the torsion flux generates a superpotential at zeroth
order in o/. As a result, the Gukov formula at order o/ will provide us with information
about both the superpotential and the matter field K&hler potential. In addition, we will
be able to infer another crucial piece of information, namely the correct definition of the
Kahler moduli fields, which receive order o/ matter field corrections, as is well-known for
the Calabi-Yau case [R§]. Generalising our set-up further by adding H-flux then allows
us to find an analogous correction to the definition of the complex structure moduli. As
we will see, this provides us with sufficient information to completely determine the four-
dimensional gauge matter field action at order o’.

3.1 Half-flat SU(3) structure manifolds

Before we proceed with the computation, we review some of the required properties of
manifolds with SU(3) structure and the specific sub-class of half-flat (mirror) manifolds
(for a more formal description of manifolds with SU(3) structure see for example [L]]).
Manifolds with SU(3) structure are almost complex manifolds for which the structure group
of the frame bundle reduces to SU(3). They can be described in terms of an invariant two-
form J (the fundamental form) and an invariant three-form € which is of type (3,0) with
respect to the almost complex structure. Manifolds with SU(3) structure can be classified
according to their intrinsic torsion 7, which is associated to the connection which preserves
the structure (that is, which annihilates the forms J and ). The intrinsic torsion is a
one-form taking values in su(3)+ where

s0(6) = su(3) @ su(3)*t . (3.1)

Here so(6) ~ 15 and su(3) ~ 8 denote the Lie algebras of SO(6) and SU(3), respectively,
and su(3)* ~ 3®3® 1 is the part perpendicular to su(3). Unlike for Calabi-Yau manifolds,
the forms J and €2 are no longer closed and the expressions for dJ and df2 can be used to
read off the intrinsic torsion 7 and, hence, to characterise the manifold. Half-flat manifolds
are formally defined by imposing additional restrictions on dJ and df2, namely

d(JAJ)=dImQ =0. (3.2)

,10,



These remove half of the torsion components which is why these manifolds are sometimes
also called half-integrable.

For practical purposes it is more useful to define a class of half-flat manifolds starting
from related Calabi-Yau manifolds [R(]. As mentioned earlier, this perturbative approach
has the advantage of providing a fairly explicitly framework for calculations with many of
the standard Calabi-Yau techniques applicable. One starts by postulating the existence of
a set of two-forms w; and a symplectic set of three-forms (a4, 37), where (a4) = (ag, o)
and (a®) = (a ab). They are of course the analogue of the harmonic two and three
forms on a Calabi-Yau manifold and still satisfy the standard normalisation relations (A1)
and (@) However, they are no longer closed but instead satisfy the identities

dw; = e;3° dot =0, (3.3)

dog = e;@" dog =dBA =0,

where e; are torsion flux parameters. Apart from this modification, the properties of
Calabi-Yau manifolds listed in appendix [A.] are assumed to remain valid. In particular,
the moduli are defined by expanding the SU(3) invariant forms J and €2 into the above sets
of forms, as in eqs. ([A.3) and (A4). Then, it is easy to see that the first of the half-flat
conditions (B-2) is implied by the primitivity of the three forms (a4, 34) on a Calabi-Yau
manifold. The second condition is satisfied because the standard choice Z° = 1 implies
that Im{2 does not contain ag which is the only non-closed three-form. We will refer to
half-flat manifolds with the above set of forms and properties as half-flat mirror manifolds,
due to their appearance in the context of type II mirror symmetry with NS-NS flux [R(].

The heterotic string on such half-flat mirror manifolds at zeroth order in o’ has been
discussed in ref. [22 and the results can be easily summarised. Since most of the standard
Calabi-Yau relations still hold it follows that the moduli Kihler potential (R.g) remains
unchanged from the Calabi-Yau case. The only modification at zeroth order in o’ is the
appearance of a superpotential [7]

W() = eiti 5 (34)

for the Kéhler moduli !, as can be easily seen from eq. ([.1). For later purposes it will be
useful to explicitely derive the components of the intrinsic torsion from the relations (B.3).

It is not hard to show [(] that

_ 1 » o
Taﬁ’y = oz (eiwl)aﬁaggaﬂv 5

2 .
Tag” = — 5 (et ()ag”

with components other than the complex conjugate of the above being zero. It is important
to note that the first two indices of the torsion are of the same complex type. Further,
primitivity of 8° implies the contraction of the torsion tensor with J vanishes, that is

Tampd™ =0 . (3.6)
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Hence, the torsion tensor has no components in the singlet part of su(3)* ~ 3 ® 3 @ 1.
The contorsion tensor, k, which we shall also need later on, can be written in terms of the
torsion tensor as

Kmnp = Tmnp + Tpmn + Tpnm - (3.7)

Egs. (B.J) and (B.§) imply that the singlet part of & also vanishes. It is also worth pointing
out that the internal components of the field strength H are non-zero for half-flat mirror
manifolds, even in the absence of genuine NS-NS flux. This happens because the forms w;
are no longer closed and, hence, taking the exterior derivative of the B field Ansatz (R.9)
together with eq. (B.J) one finds, apart from the usual terms involving four-dimensional
derivatives, that

H =e;b'° . (3.8)

3.2 Solving the Bianchi identity

In order to apply the Gukov formula ([.]) we need to compute the field strength H from its
definition (R.3). This, in turn, requires finding a background gauge field configuration which
satisfies the Bianchi identity (B.7). Here, we would like to discuss the simplest possibility,
that is a gauge field background obtained from a standard embedding. However, things
are not quite so straightforward as we have various connections available to set the gauge
field equal to. The most immediate choice seems to be to set the gauge field equal to
the Levi-Civita connection, w, of the half-flat mirror manifold. There are two obvious
problems with such a choice. Firstly, it is the modified connection w = w — H/2 which
enters the curvature term in the Bianchi identity. While this made no difference in the
Calabi-Yau case, it does here since, as we have seen in eq. (B.g), the internal part of H is
non-vanishing. Therefore, setting the gauge field equal to w means the Bianchi identity is
not strictly satisfied. Secondly, and perhaps more importantly, w (and presumably @ as
well) has holonomy SO(6), leading to a gauge symmetry breaking to SO(10) rather than
FEg. In fact, such a breaking to SO(10) was predicted in ref. [27. However, the perturbative
approach dictates that low-energy modes should be the same as for the Calabi-Yau case
and that, consequently, the gauge group should be Fg. Such a breaking can be realised
with the torsion connection w™) which has SU(3) holonomy. Schematically, it is related
to w by

W = wiD + Y+ T (3.9)

where T!l, € s0(3) and Y;. € so(3)*, and the tensor T will be explicitly determined below.
This way of splitting up the connection w is in line with the possible steps for gauge
symmetry breaking. Specifically, the first two terms preserve an Fg gauge group, while the
further breaking to SO(10) is only due to Y;.. We will show that this part can be absorbed
into a re-definition of the matter gauge fields C' and D. The difference between choosing
w and wg ) + T','n =0 — Ti therefore amounts to a shift of the four-dimensional fields.
Generally, one would expect that a sensible choice of connection leads to a low-energy
supersymmetric vacuum with vanishing matter fields, C = D = 0, and unbroken gauge
symmetry, while less suitable choices for the background may lead to non-vanishing VEVs

for C and D and symmetry breaking (or restoration). In keeping with the perturbative
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approach we will set the gauge field equal to w,(g ) + T,U,L, so that the low-energy gauge

group at this stage is Fg. As we will show, for this choice of background there is indeed
always a vacuum with C' = D = 0 and Fg unbroken.

Let us try to make the above discussion more precise. We start by splitting Lie-
algebra valued forms into su(3) and su(3)* parts which we denote by superscripts | and
L, respectively. The torsion connection w(™) takes of course values in su(3) while, for the

Levi-Civita connection, we can write?

Wy, = wl — gl — kL (3.10)

Similarly, we can also think of H as an so(6) valued one-form which can be decomposed as
H,=Hl +H-. (3.11)

As the three forms 4 are primitive, the explicit form (B-g) of H implies that the singlet
part in H' is also zero.

Since H and k appear on the same footing in the modified connection @ in eq. (.6) it
is useful to introduce the notation

1
Tmnp = — <l'fmnp + §Hmnp> , (312)

which leads to eq. (B.9). Given the expressions (B.§) for H and for the (con)torsion tensor
for a half-flat mirror manifold, eqs. (B-5) and (B.7), the tensor Y takes the form

()i = 5 (€t aas - (313)

while, using eq. (A.9), the orthogonal component can be written as

(T8)as Q" = —imz g Ky(na)a” . (3.14)
EEEY el-ti i <
(T2)52"7 = Svi(wia’

Earlier, in egs. (.14) and (R.1§), we have split the internal gauge field A,, as A,, =
Afg + A,% into a background term A(® and fluctuation term A™), which is linear in the
gauge matter fields C' and D. Comparison of (B.14) with the Ansatz for AW shows that
T+ can indeed be absorbed into a re-definition of the matter fields C' and D, as claimed
earlier. This means, we can set the background gauge field to w,(g ) + Tun instead of w and
write for the gauge field Ansatz

Ay =AD 4 A0 (3.15)
with
o _ (,. (1) I\ qaB
AO = <wmaﬁ +xl 6) gof8 (3.16)

“Note that, although the torsion 7 is supposed to be an element of su(3)* and, hence, 7= 0, in general
the parallel component of the con-torsion, x!l is non-zero. Indeed, from eq. (@), we find kagy = —Tays # 0.
Moreover, since the singlet part of k' vanishes, this component of x must be part of Kl
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and AW as in eq. (2:13), but with C' and D re-interpreted. Here 5% are the generators
of SU(3) in the branching Fs — SU(3) ® Fg (see appendix [A.J). The background AY
now takes values in su(3) and, hence, the low-energy gauge group is Fjg, in line with
the perturbative approach. Since we are simply shifting Y+ between background and
fluctuations without changing the total gauge field, there should be no problem with this
procedure. However, there is one practical difficulty. Given the choice (B.1q) for AO) | the
background part of the Chern-Simons terms in the definition of H, eq. (R-3), does not
cancel by itself. Let us look at the order of the remainder. The perpendicular part £ of
the torsion is linear in the torsion parameters e; and its contribution to the Chern-Simons
term is of O(e?). The r.h.s. of eq. (R.d) is suppressed by o/, so the resulting contribution
to H is of O(a€?). Inserting this contribution to H into the Gukov formula ([L.1)) a non-
vanishing contribution of O(c/e?) can arise from multiplication with d.J (which by itself is
of order e;). This is two powers higher in flux than the terms we keep in our calculation
and will, hence, be discarded.

To summarise this section, we have chosen the background gauge fields to be the su(3)-
valued connection (B.16) so that the resulting four-dimensional gauge group is Fg. This can
be viewed as a standard embedding of & into the gauge field but with the Eg breaking part,
T,

This also represents a solution to the Bianchi identity (2.7) at order O(c/e;) and therefore

of the connection being absorbed into a redefinition of the charged fields C' and D.

it constitutes a consistent background at this order.

3.3 Gravitino mass term at order o/

Having fixed the gauge field Ansatz, we can now proceed and evaluate formula ([[.1) for
half-flat manifolds at order o/. However, we have to keep in mind that our manifolds are
no longer complex but almost complex only. This means that the complex coordinate
types of the field strength F' cannot be simply obtained by taking holomorphic or anti-
holomorphic derivatives of the gauge field in complex coordinates. Rather, we should first
re-write the gauge field Ansatz in real coordinates, then differentiate to compute the field
strength in real coordinates and only afterwards project to complex coordinate types. In
real coordinates, the gauge field Ansatz (B.15), (B.16)), (R.15) reads

Am =AY + AD (3.17)
with
A = (wi) s+l ) 87 (3.18)
AW = [0 Yy (T,pCT + TpC'F) (3.19)
12 ()" Top D + ()" T p D] (3.20)

Here, we have adopted the convention that the antiholomorphic pieces of the generators
T,.p, corresponding to the SU(3) @ Eg representations (3,27) and (3,27), vanish, that is

Top=T,p=0. (3.21)
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More generally, having to work in real coordinates means that we have to be careful when
comparing to the Calabi-Yau formulae in the previous section and convert them into com-
plex coordinates first.

Our first task is to calculate the internal part of the gauge field strength F'. To focus
our discussion, let us for a moment assume that the background gauge field A©®) equals
the SU(3) connection w(™), that is, let us discard the Y piece in eq. (B:1§) for now. Then,
the computation of the field strength is very similar to the computation we have already
described for Calabi-Yau manifolds. In particular, we can use the covariant derivative with

torsion, V(T associated to w(T), to re-write the exterior derivative as
(dA)n = VD A, = VDA, 4 27,P A, . (3.22)

This means, apart from the torsion term on the right hand side which we have to subtract,
the formula for the field strength should be the same as in the Calabi-Yau case but with
the ordinary covariant derivatives replaced by torsion covariant derivatives. Then, finally,
we also have to take into account the effect of a non-vanishing T!l in (B1g). As in the
Calabi-Yau case, it will be useful to organise terms according to their power in the matter
fields C and D. Terms in F related to YT!l will be either pure background terms or linear
in the matter fields. The pure background terms are not particularly interesting for us. In
the Gukov formula ([[.1) they lead to background terms which cancel up to higher order
terms and to terms linear in the matter fields which should be zero as a consequence of
gauge invariance. The linear, T! related terms in F, on the other hand, only result from
the commutator term in the definition of the field strength and, hence, do not involve
derivatives. These terms, as in fact the whole commutator in the expression for the field
strength, can be easily computed without the detour to real indices. Hence, for now, we
will only write the general expressions for these commutator terms in order not to overload
the equations. This understood, we find for the (internal) field strength in real indices

Fun = FS) 4+ 19173V (@)n  TypCF + 10| 2VD (@3)n 1T, 5CF = (m > m)
+2[|Q1 7 7" (wi) TqpC™F + 2/ Q)P (i), 4Ty pCF
HIQUMEV ) (00)n Typ DF + 1|3V D (73)n T, p D™ — (m > m)  (3.23)
+2||Q||1/3Tmnr(77a)quqPDaP + 2||Q||1/3Tmnr(ﬁ&)quqPDap
+[AR), A] +2[ 1], AL
where F(©) denotes the background field strength computed from A© in eq. (B.19), and
AM and T are explicitly given in eqs. (B.20) and (B.13).
Having derived this result for the field strength one could follow the ”traditional”

route and derive the four-dimensional scalar potential by computing trF? (as well as H?)
and integrate over the internal space. We will indeed compute a few selected terms in
the scalar potential in this way later, in order to check our results. However, given the
complexity of eq. (B.23) there is no doubt that the full calculation is rather tedious and
that reading off the correct definitions of superfields and the superpotential from the result
is likely to be difficult. For example, integrating over the internal space in the presence of
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an arbitrary number of (2,1) and (1, 1) forms will lead to integrals which are non-standard
even in the Calabi-Yau case. Further, the background curvature Fr(norz enters the calculation
explicitly. Although, the Ricci tensors for manifolds with SU(3) structure in general and
half-flat manifolds in particular have been computed in refs. [B§, B9, the results are fairly
complicated. At any rate, we would need those results for the somewhat unusual connection
w™) + Tl which are not readily available. To circumvent these obstacles we would like to
base our calculation on the Gukov-formula ([[.1)), which provides direct information about
the gravitino mass mg/, = eK21 . As we will see, with a bit more work, the so-obtained
result for mg/y can be disentangled and provides information about the Kéhler potential
and superpotential.

As in the Calabi-Yau case, the superpotential at order o' arises entirely from the
(0,3) part of the Chern-Simons combination in (R.J). Therefore, we only need to know
the (0,2) component, Fg ), of the field strength which can be derived by projecting the
result (B.23) onto the (0,2) subspace. Note that all derivatives in eq. (B.29) are torsion
covariant derivatives which commute with the almost complex structure J. Therefore,
converting to complex indices is as straightforward as for normal complex manifolds. The
second observation is that due to eq. (B:21), many of the terms in (B.23) vanish, when

written in complex indices. With these facts in mind we find

Fap = 201017V (@i)g " T5pC" + 21901 Vi) (0a) 5 Top D
20077 (i), Tsp O + 20100 Prag (1) T5p D7 (3:24)
+2)lel| 7, ﬂ( D7 TspC'F + 219075 (1a)5 Ty D

+[AL, AL +2[x], Al

Let us compare this with the analogous formula (R-23) on a Calabi-Yau manifold. As we
can see the Calabi-Yau result corresponds to the first commutator term in the last line only,
while all other terms are new. Specifically, the first line vanishes in the Calabi-Yau case
since the covariant derivatives can be reduced to exterior derivatives which act on closed
forms. The second and third line obviously vanish for vanishing torsion 7. From eq. (B.13)
the tensor Yl vanishes on a Calabi-Yau space (in the absence of H-flux) and, hence,
the last term also disappears in this case. Another important remark about the above
result concerns the origin of the second line. For complex manifolds this line would vanish
identically as, in this case, the (0,2) component of the field strength can be constructed
from the (0,1) component of the gauge field alone. Then, F{g 9) would depend on C' and D
only but not on their complex conjugates. This shows that our detour to real indices has
been important and, without it, we would have missed the second line of the above result.’

For completeness, we also present the expression for the (1,1) component, F), of
the field strength, although this result will not be needed in the remainder of the section.
Note that from eq. (B.§) the first two indices of the intrinsic torsion are both holomorphic
or anti-holomorphic. Therefore, the second and fourth line in eq. (B.23) do not contribute

®This can also be seen formally by observing that the torsion components 7,57 are directly related to
the lack of integrability of the almost complex structure [@]
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to F{y1,1) and we are left with

Fo5 = FO + |97V (i) Ty pCF + [1Q1Y2V D) (14) 57T, p DT
12073V (i) TopC 10113V (7a)a Ty p DV (3.25)
+[AL, AL] + [A;,f(g] +[rl, Al

Terms proportional to Fg generators in this expression can only arise from the first com-
mutator term in the last line, just as for Calabi-Yau manifolds. Therefore, by virtue of
eq. (2.29), the D-terms will be unchanged from the Calabi-Yau case and are given by
eq. (.30).

Let us now compute the (0,3) component of the Chern-Simons term. Cubic terms
in the matter fields only arise from (A(l))3 and should, therefore, be unchanged from the
Calabi-Yau case. This means the standard cubic terms (.2§) in the superpotential are also
present in the half-flat case. Terms which do not contain charged fields cancel up to higher
order terms, while linear terms are absent due to gauge invariance. Thus the only new
terms we can expect in the superpotential are quadratic terms in the gauge matter fields.
They arise from linear matter field terms in F{g o), that is the first three lines of eq. (B.24)
and the last term involving Y, multiplied with AM), as well as from the Yl A (A(l))2 term
contained in A3.

Let us denote by F() the part of Flo,2) linear in matter fields but excluding the
contributions from Y! for now. The quadratic matter terms in the Yang-Mills Chern-
Simons form not related to T/l can then be written as

tr(FO A AD) 555 = 61191171557 (wi))’ (w3),5C" T 0 p (3.26)
+6/12** 71557 (n0)5)° (), D" D" p

T —
+0 VE&)(%)BW(""Z‘)W]V + T[aﬁé(wi)»yh(na)g'y
T 5 ) a
+VE@)(%‘)BM(%);{]V + T[aﬁ5(na)7]7(wi)5,y:| C'pD? |

where we have used the trace formula (JA.29).

To obtain the superpotential we have to integrate the contraction of this formula with
Q%7 In the second line, we can integrate by parts to move the derivative to w; and we
obtain

/ tr(FO A ADYAQ =i / 7&35 [(wi)vv(na)(;” — (Wi)(sy(na)yq Qi p paP
420 [ [V @001 )37 + 7057 )3 (05| 2°FTC D
IR / " (@0)5 (wy) P CIP G (3.27)

L / o (1) (7)1, Q2P DF DV

®Note that quadratic terms in the charged fields which involve the SU(3) spin connection should vanish
by the same arguments as in the Calabi-Yau case.
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This formula looks complicated, but there are a number of simplifications. Recall from (B.H)
that 7'0755 is a primitive (1,2) form and, therefore, the combination 7'075595‘5“7 is symmetric
in the indices (4,7). On the other hand, the bracket in the first line is explicitely anti-
symmetric in these indices. Hence, the first line vanishes. Further, in the second line, the
indices [a, 3] are antisymmetrised so that the covariant derivative can be converted into
an exterior derivative. Explicitly, we have
(T, - _ _ 5

2V (5 why = (dw)apy — 2755 W5 » (3.28)
and, therefore, the torsion drops out from the second line and only dw; appears. This can
be replaced using the half-flat mirror relations (B.J) which reduces the second line to the

integral
ier [ (P )70 = 2608, (3.29)
Here K, denotes the derivative of the complex structure Kéhler potential K, = 822(;). In

order to carry out the integral, we have used the definition (A.1§) of 7, and the Kodaira
formula (A.§) as well as the standard choice Z° = 1.

Now we are left with having to evaluate the last two lines in eq. (B.27). First note
from (B.5) that the contraction of the torsion Tap ! With Q%7 can be written as

o i » _
Tag" QT = e cid” ()7 (3.30)

Then, the last two lines in eq. (B.27) lead to the integrals

o5 = 7 [ 7@ (@3 (3.31)

and

Giar = 75 | (@) (05" () - (3.32)

These integrals are non-standard on a Calabi-Yau manifold and presumably difficult to
compute. However, we will not need their general values but merely their contractions with
the Kihler moduli v*. Using (A.3), (A.6) and ([A.14) these contractions can be explicitly
computed and we find

. 1
vlalij = Gij , vjajag = Zgag , (3.33)

where g;; and g, are the Kahler and complex structure moduli space metrics.
Combining these results we can finally write eq. (8.27) as

/ (FONADAQ =0/ [iekgkl (Hmy—?/?’alijcipéﬂ‘ p+y\Qy\2/3&la,;DaPD’3P)+26iKaciPDa 5l

(3.34)
To obtain all quadratic matter field terms in the gravitino mass we still have to add the
terms related to Y!l. They arise from terms of the form Y A (A(M)? which are contained
in both the F A A and A3 terms of the Yang-Mills Chern-Simons form. Taking all the
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factors into account we get the following contribution to the gravitino mass from terms
proportional to Y

/wYM/\Q

— —2id/ / Tl ()5 (na)5 QP Cp D (3.35)
T

= iolejt! / (8°) e (@) (1) Q3T CHDP

where we have used eq. (B.13). This integral is similar to the ones discussed above and can,
in fact, be written in terms of ,,; defined in (B.33). However, we will not need its explicit
form and simply introduce the symbol X,

Sio = i / (8°) a5 (@) 57 ()5 202957 | (3.36)

/wYM/\Q

To summarise this section let us write the final formula for the gravitino mass at order
o which is given by the sum of eqs. (2.26), (B-4), (B.34) and (B.37) and reads

such that
= de;t! %, 0D . (3.37)

T

1 s -
Mgy = fIPW = efo/ Q{eitz — 50 [iprsKighC™F CIRCHS + jonsKape D™ DPRDS|
+a [iekgkl (IIQII_Q/gfflijCiPCjP + ||Q||2/35za5DaPDi’P>
+2¢;K,CF D P] + a’eitizjacggDaP} . (3.38)

Here, K{ stands for the Kahler potential at zeroth order in o’. This is the one of the
main results of the paper. In the following sections we will analyse its interpretation and
implications for the four-dimensional effective theory.

3.4 Four-dimensional effective theory

Eq. (B:39) provides us with the with the supergravity G-function, G = K + In|W|?* =
In |3 /2\2. This, together with the gauge kinetic function which has already been computed
in ref. 23], completely determines the four-dimensional supergravity Lagrangian. It seems,
we should, therefore, be able to find the complete low-energy theory from the results so far.
However, eq. (B.3) as stands is still expressed in terms of the 10-dimensional fields and it
first needs to be re-written in terms of the correct four-dimensional superfields. In other
words, we need to know the definition of the four-dimensional superfields in terms of the
underlying 10-dimensional fields. It is not obvious that this information can be extracted
from the above results. To analyse the situation it is useful to compare eq. (B.3§) with a
general expression for the gravitino mass, expanded to linear order in o/. Let us denote

by ¢, Ko and Wy the moduli fields, the Kéhler potential and the superpotential at zeroth
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order in o’ and by ¢, K and W their counterparts at order first order in o/. We can write

¢ = ¢o + 06,
K(¢) = Ko(¢o) + /0K , (3.39)
W () = Wolgo) + o/ (W + 95 Wig)

where d¢ is a correction to the definition of the moduli fields which is expected [R§] at
order . Further 6K and §W are the changes of the Kihler potential and superpotential”
at order /. The gravitino mass can then be expanded as®

my g = ePW = fo0)2 [Wi (o) + o/ (SW + WK + 0,W69)] . (3.40)

Let us now compare this general expression to our explicit result for the gravitino
mass (B.3§). Clearly, the first term in eq. (B.3§) corresponds to the superpotential at
zeroth order in o/, that is, to the term Wy(¢g) in our general notation. The rest of the first
line is the well-known cubic superpotential for the matter fields which arises at order o’ and
it should be part of 6W. All other terms in eq. (B.3§) are of order o’ and non-holomorphic
and, hence, must correspond to the last two terms in eq. (B-40), that is, they must be due to
o/ corrections to the definition of the moduli fields or to the Kéhler potential. Given that
we have a Kahler moduli superpotential at zeroth order in o/ we indeed need correction
terms which convert this superpotential into a function of the proper order o superfields.
What we have to decide is which of the terms in the second and third line of (B.3§) are
absorbed into a re-definition of the Kihler moduli #. It turns out the correct choice is to
absorb all terms in the second line of (B-3§) into ¢’ while interpreting the term in the third
line as a correction to the Kéahler potential. This is suggested by the fact that corrections
to K should appear multiplied with W (as in eq. (B.4()) which is only the case for the
last term in (B.3§). Also, we know from the standard Calabi-Yau case P§] that the first
two terms in the second line should definitely be part of the re-definition of t?, so the only
non-trivial question is really about the last two terms in (B.3§). We will check towards the
end of this section that our choice for these remaining two terms is indeed correct.

Let us now formalise the previous discussion. We write the relation between the zeroth

order Kihler moduli #* and their order o/ counterparts T as
T' =t +aY". (3.41)
where the correction terms Y? are explicitly given by
Y =ig (||l CClp + ||Q|[736,5 D DPp) + 2K,0F Dy (3.42)

From eq. (B.3§), the superpotential is then given by

/ o _ / B
W = e;T" — %3]5 RsKipCPCIRCHS — % jprSKabe DT DPRDS | (3.43)

Tt is convenient to separate out the change of the superpotential due to the re-definition of the moduli
fields explicitly while writing the change in the Kéahler potential as a single term.

8Since we are working to first order in o', we do not need to distinguish between corrected and uncorrected
quantities in the order o’ part of this expression.
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Note that the torsion part of the superpotential has absorbed the terms in the second line

of (B.39) and, as a result, is now expressed in terms of the corrected superfields, 7%, as is
should.

The only remaining term is the last one in (B.3§). It gives rise to a Kihler potential
correction so that the total Kéhler potential, K = Ky(¢o) + 0K, can be written as

K = Ko(s,5,t,1,2,7) + o [ziac;;DaP + C.c.} , (3.44)

where the moduli Kéahler potential Ky is given in eq. (E) The Kahler moduli part, K,

of K still needs to be expressed in terms of the corrected moduli fields T, so we write
Kig(t,t) = Kg(T — Y, T —dY) = Kg(T,T) — /K;Y' — ' K;Y' 4+ O(a/?),  (3.45)

where K; is the derivative of the Kihler potential with respect to t'. Using the Calabi-Yau

identity
Kig"¥ = 2iv7 | (3.46)
together with eqgs. (B.33) we find
, B 5 1 . -
KY' = =2||Q||7*3 g, C*PCl 5 — 5;\9;\2/3%50&?17% + 2K, K,C'" D5 . (3.47)

The Kéhler potential (B.44) can then be written as
K = Ko(s,5,T,T,2,2) + o' |4]|0)|#g,C"PCIp + ||0][*g,3 D" DPp
+((Zia — 2K, K,)C'pD™ +c.c))] . (3.48)

Having corrected the Kéhler moduli at order ' it seems likely the same has to be done to
the complex structure moduli, so we write the o/ corrected complex structure moduli Z¢ as

Z%=2"+dY". (3.49)

From the result (B.3§) we have no direct information about the corrections Y since the ze-
roth order superpotential is independent of the complex structure moduli. One guess might
be that the additional 6K term (the term proportional to i, in eq. (B.4§)) we have found
is responsible for the re-definition of the complex structure moduli. This would imply that

Y = 5,bClpDF (3.50)

for some tensor X;,” with the property KbEiab = Y. Later we will introduce H-flux
which provides us with a zeroth order superpotential for the complex structure moduli
and explicit information about the redefinition of z*. We will then confirm the above
expression for Y*. Accepting our guess for now we can write the Kahler potential as

K = Ko(s,5,T,T,Z,7) + o [4\;9\;*2/3%0@'13@]5 +(1Q||¥3g,; D" Db p
—2(K;K,C'pD* +c.c.)] . (3.51)
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Eqgs. (B.51) and (B.43) represent our final result for the order o/ Kihler potential and
superpotential from standard embedding compactifications of the heterotic string on half-

flat mirror manifolds. The matter field part is Fg invariant and identical to the one found
for Calabi-Yau compactifications with standard embedding. The only difference to the
Calabi-Yau case is the zeroth order torsion superpotential for the Ké&hler moduli which is
simply added to the standard cubic superpotential for the matter fields. Although the CD
terms in the Kéhler potential (B.5]) (and the field re-definitions (B.43)) look unconventional
they are independent of the torsion parameters e; and should, therefore, be already present
in the Calabi-Yau case. To our knowledge they have not been explicitly computed before,
although their possible existence has been anticipated in ref. [B). These terms do not
contribute to the matter field kinetic terms (although they do contribute to mixed matter
field /moduli kinetic terms) and, in the Calabi-Yau case, they affect the scalar potential only
at higher order in o/. It is not surprising, therefore, that these terms are usually omitted.
A curious feature of our result is that the order o re-definition of Kahler and complex
structure moduli is quite different, see eqs. (-43) and (B.50). In particular, CC' and DD
terms appear for the Kéhler moduli only. This means that the standard kinetic terms for
both the (1,1) and (2,1) matter fields are linked to the re-definition of the (1,1) moduli.

Should we have expected new terms in the matter field sector compared to the Calabi-
Yau case? Given that our set-up leads to an Fg invariant low-energy theory, the only
additional terms allowed from gauge invariance are C*pD?" terms in the superpotential.
We know that such terms are definitely absent in the Calabi-Yau case and this can be
understood from the fact that we have required that the matter fields C and D in eq. (2.17)
be massless. By turning on fluxes we may expect that some of these fields become massive,
but the above calculation shows that a supersymmetric mass term is not generated.’ We
interpret this as an indication that 2-index couplings (fluxes), Aia, are needed for these
terms to appear in the superpotential. We will in fact see that for the generalised half-flat
manifolds discussed in section ], for which torsion parameters have one Kéhler and one
complex structure index, C'D superpotential terms indeed arise.

One obvious simple check of our results is to compare the D-term, as obtained from
the Gukov-type formula (R.2§), with the four-dimensional supergravity expression (2.27)
after inserting the above results for Kéhler potential and superpotential. We recall that
the Gukov-type formula predicts the D-terms for half-flat mirror manifolds should be un-
changed from the Calabi-Yau case. This is indeed what one finds when inserting (B.51)

and (B.43) into the supergravity formula (2.27).

3.5 Including H-flux

An obvious extension of our set-up is to include NS-NS flux. This will generate a zeroth
order superpotential for the complex structure moduli, in addition to the Kéahler moduli
superpotential from torsion already present. As indicated before, this can provide us with

Tt is not hard to see that at the level of the N = 1 potential, terms of the type (eiTi)gjka;ékP and
similar ones for the D-fields are in fact generated at first order in o’ making these fields indeed massive. Note
that this is only possible at this order in o’ due to the appearance of the zeroth order superpotential (@)
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additional information about the complex structure moduli and consistency checks of our
results.

For simplicity, we start with NS-NS flux of the form Hq.x = p,%, with flux parameters
Ps- This leads to a zeroth order superpotential contribution

Wo.fux = /Q NH =py.z*. (3.52)

which, in analogy with the torsion superpotential, is linear in the moduli.

Does the NS-NS flux lead to any corrections at first order in o/? We have to remember
that, via eq. (R.6), H appears in the connection which enters the Bianchi identity. The
resulting change in the gravitino mass can be computed directly from eq. (B.35) with
Y replaced by Hyux and making use of formulae (A.9). Together with the zeroth order
term (B.52) this leads to the following additional terms in the gravitino mass due to flux

K12y

= 002 o2 + o (py + per* Ky S’ CHD | (3.53)

flux

where we have defined the quantity

T’ = ‘mﬁg‘”’ / (Xa)aas (@i)5° (1a)5°Q77 (3.54)
Let us now analyse this result by comparing it to the general expression (B.40]) for the
gravitino mass, as we did before. The order o’ terms in eq. (B-53) are non-holomorphic and,
hence, they should correspond to either corrections to the Kéhler potential or re-definitions
of moduli fields. The last term in eq. (B.53) is proportional to the flux superpotential and
this suggests it should be viewed as a correction to the Kéhler potential. This interpretation
is, in fact, required for consistency, given that we have declared the last term in (B.3§) to
be a Kéahler potential correction as well. Indeed, in the presence of flux, we need another
term to combine with the last one in eq. (B.3) to produce the total torsion and flux
superpotential as a pre-factor. One can check, using relation (@)7 that

KpSia” = Sia (3.55)

with ¥, defined in eq. (B.3() which provides a confirmation of this interpretation. The
second term in eq. (B.53), on the other hand, coincides with the correction (B.50) to the def-
inition of the complex structure moduli which we have anticipated earlier. Hence, this term
combines with the flux superpotential and changes the moduli 2% into their o/ corrected
counterparts Z¢.

To summarise, we have confirmed our earlier result (B.51) for the Kihler potential and
the superpotential is given by (B.4) plus the addition flux contribution

Wi = PaZ” . (3.56)

3.6 Consistency with compactification results

The identification of low-energy data from the gravitino mass (B.38), (B.53)) in the last sub-
section has, in parts, relied on a suggestive interpretation rather than strict conclusion.
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It would, therefore, be desirable to have an independent and meaningful check through a
direct compactification of the 10-dimensional theory. We have argued before that this is a
difficult task, firstly due to the large number of terms in the potential and secondly due
to the presence of certain integrals which are not standard on Calabi-Yau manifolds. We
have already encountered such integrals in the calculation of the gravitino mass, although
we have managed to proceed without knowing their explicit form. One way to simplify
the calculation is to consider an associated Calabi-Yau manifold with only a single Kéhler
modulus. Then the forms w; can be replaced by the almost complex structure J and
the integrals involved become significantly simpler. The number of terms is also reduced,
although it is still considerable. In addition to assuming ™' = 1, we will, therefore, focus
on a specific class of terms, namely scalar potential terms of the form DDC and CCD
together with their complex conjugates.

Let us explain how these terms appear when compactifying the 10-dimensional action.
First of all, cubic terms in the matter fields appear from F?2, taking terms linear in the
charged fields in one F' (either from the explicit terms in (B.23) or from the last commutator)
and terms quadratic in the matter fields in the second F' (from the first commutator
in ([:23)). Another source for cubic matter field terms is H? with one H taken to be the
zeroth order part (B.§) from torsion and the other the Chern-Simons form (in fact only
the term A3 can contribute). For the case of one Kihler modulus, it is not hard to check
that all of the derivative terms from (B.23) drop out — either directly or after integration
by parts — and only the linear terms with no derivative contribute. After a long but

straightforward calculation one obtains

v + ’6_2%[

1 3ieb e
K

KFE\2 o T2
v (3ieb e
S \2 o T2

) K:9"Kapejprs D*F DPRCS
>KajPRsCPCRD“S +ecc, (3.57)

where the dots stand for other type of terms we have not computed here.

On the supergravity side, starting from the Kéhler potential (B.5]) and superpoten-
tial (B.43), we can compute the above terms for general hY1 and only at the very end take
the limit of one Kihler modulus. We note that the |[WW|? term in the supergravity potential
cannot produce the type of terms considered here. Therefore we only have to consider the
F-part of the supergravity potential. To get a contribution proportional to C? or D? to an
F-term we need to consider the derivatives 0cW or dpW, respectively. These derivatives
are already at order o/ and, hence, need to to be multiplied by an order zero piece. It
is clear that the C'C and DD terms in the matter field Kihler potential cannot lead to
cubic terms mixing C' and D. Therefore the term C'D in the Kéahler potential is crucial in
order to reproduce the terms in (B.57). To see precisely which terms do contribute one has
to compute the Kahler metric, including the complex structure moduli, from (B.51)) and
invert this metric at order o’. Schematically, one then finds the following relevant terms

V ~ DeW <gécD@W + ¢CFDW + gCTDTW) , (3.58)
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plus similar terms with C' and D exchanged. From the first term in the bracket one keeps
the derivative on the Kéhler potential times Wy, from the second term the derivative on
the complex structure Kihler potential times Wy while the full D7W{ contributes from the
last term. Computing explicitely all terms and taking the limit of one Kéhler modulus, it is
not hard to see that the result indeed reproduces (B.57). This constitutes a powerful check
of our results. In particular, it confirms that the C' D terms should indeed be present in the
Kahler potential (B.51)) and that the identifications of various terms in (B.3§) was correct.

4. Generalised half-flat manifolds

In the final part of this paper let us discuss an extension of the results obtained in the
previous section to more general manifolds with SU(3) structure which we refer to as
generalised half-flat manifolds. These manifolds were proposed in ref. P9, Bd]. Working
out the effective theories associated to these manifolds is not conceptually new, but rather
a straightforward generalisation of the results obtained in the previous section.

Let us briefly present the setup for these compactifications, relying on the conventions
of ref. [R3]. We consider a manifold with SU(3) structure and two-forms w; and three-forms
(a4, BP) which obey the following algebra

dw; = piaf? — ¢aa
day = piad®, dpt = ¢'ot, (4.1)
dot =0,

with the constants p;a and qf‘ subject to the constraints
A A
piag; —pjag; =0. (4.2)

These relations replace the analogous relations (B.3) for half-flat mirror manifolds. In ad-
dition, it is assumed that the link of these manifolds with the related Calabi-Yau manifolds
is precisely as for half-flat mirror manifolds. Half-flat mirror manifolds corresponds to the
particular choice p;p = €;, pia = 0 and qlA = 0.

The zeroth order superpotential for generalised half-flat manifolds is more complex
than the one for half-flat mirror manifolds, eq. (B.4), and contains mixed Kihler and
complex moduli terms as well. It is given by [BJ]

Wo = piat' 24 — ¢t'Gs = Eit’, (4.3)

where G4 are the derivatives of the complex structure prepotential G. To make the analysis
similar to the half-flat case we have introduced the notation

Ei(Z2) =piaZ? — ¢G4 . (4.4)

With this notation, much of the calculations for half-flat mirror manifolds can be carried
over to the present case by replacing the torsion parameters e; with F;. In particular,
eq. (B.30) still holds with this replacement. Hence, we can directly obtain the result for
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the last integrals in eq. (B.27). Working out the second line in eq. (B.27) however, requires

some modifications. The result previously given by eq. (B.29) now changes to

i/(dwi)am(na)ﬂﬁaﬁ“’ = —Q/dwi VAN Xa = 2(pia - qugBa) + 2KaEi (4.5)

where the last equality follows from straightforward computations using the standard
Calabi-Yau relations (A.9). Finally one can show that Yl in eq. (B-I3) can now be written

ale

(Th)as = —Ftdws = =5t (PnB* — gf'aa) . (4.6)

With this, and using again formulae ([A.9), the result in eq. (B.37) becomes

/QYM/\Q

Collecting the above contributions, the final formula for the gravitino mass in this more

= O/ti [(pia - QiAgAa) + Ka(piaZA - QzAgA)] 2jbOLCgDDbP . (47)

T
general case then takes the form
1 s .
K12 — 6K0/2{Eitz _ §O/ [ijgKijkCzPC]RckS + ]-PRSICabCDaPDbRDCS] (4.8)
+a [iEkgkl <||Q||—2/3g”jciﬁéjp + ||Q||2/35za5DaPBBP)
iP rya _ / A i i avj bP
+2EiKaC D P:| + a [(pia —q; gAa)t + KaEit] 2jb CPD

+20/ (pia — QiBgBa)C]i:’DaP} :

Given the expression (f.3) for the torsion superpotential, it follows that the interpretation
of most terms above is the same as for the half-flat mirror case (B.3§): the first line is part of
the superpotential at order o/, the second line should be interpreted as a redefinition of the
Kiéhler moduli ¢ like in eqs. (B.41]) and (B.43) while the first terms in the last line are analo-
gous to the last terms in eq. () and correspond to the redefinition of the complex struc-
ture moduli (B.50) and the change in the Kihler potential from eq. (B.48). The only differ-
ence compared to the cases studied before is the last term above. As it is holomorphic there
is no need to absorb it into a redefinition of moduli and it turns to be part of the superpo-
tential. On general grounds, this is actually not surprising given that we now have the cou-
plings p;a and qu which allow holomorphic (and gauge invariant) terms such as piaC’};DaP.
To summarise, for the generalised half-flat manifolds, characterised by the alge-
bra (f1), the Kéhler potential is unchanged from the half-flat mirror case and still given
by eq. (B-51)), while the superpotential now reads
W = pioT" + piT' 2% — ¢*T'GA(Z) + 20/ (pia — ¢;*Gaa)C' pD*" (4.9)

O/

- [ Kiiripas CiPCIRCKS | Koapejrors DT DPR s

107t is not hard to check that for the generalised half-flat case the the tensor Y takes a form similar to
the one in the half-flat mirror case, eq. ) This allows us again to absorb these pieces into a redefinition
of the charged fields C' and D.
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5. Conclusions

In this paper, we have studied heterotic string compactifications at order o’ on specific
classes of manifolds with SU(3) structure, namely half-flat mirror manifolds and their gen-
eralisations. These manifolds are related to certain Calabi-Yau manifolds which facilitates
the explicit computation of the associated four-dimensional effective theories. In order to
solve the Bianchi identity, we have employed the simplest possibility for the choice of the
internal gauge bundle, a variant of the well-known standard embedding. The spin con-
nection of half-flat manifolds has in general SO(6) holonomy which suggests a low-energy
gauge group SO(10). However, we were able to absorb the pieces of the connection which
would have been responsible for this breaking to SO(10) into a vacuum redefinition of the
matter fields. For the fields re-defined in this way, we found that the Fg gauge symmetry
is restored. The four-dimensional effective theory contains a dilaton s, h'! Kahler moduli
T* and h*! complex structure moduli Z¢, where h''! and h*! are the Hodge numbers of
the associated Calabi-Yau manifolds. In addition, there are h!' matter fields CF in the
27 representation and h%! matter fields D®F in the 27 representation of Eg. Hence, the
low-energy field content is precisely the same as for analogous Calabi-Yau compactifications
of the heterotic string. The half-flat manifolds are defined in the large radius and large
complex structure limit and it is in this limit that the effective four-dimensional theory has
been derived. For the Kéhler potential we find

K = K(5,8) + Kg(T,T) + Kes(Z, Z)
o (4|97, CPCI p + (1023 g,5 DD p — 2(KK,Cp D™ + C.c.)} (5.1)
where ||Q]|? = exp(Kx — Kes) and K, K and K are the standard Calabi-Yau Kihler
potentials for the dilaton, the Kahler moduli and the complex structure moduli. Explicit

formulae for these Kihler potentials are given in egs. (R.19), (A.17) and ([A.29), respectively.
The superpotential is given by

W = pioT" + piT' Z% — ¢ T'GA(Z) + 20 (pia — ¢ Gaa)C'p D (5.2)

O/

- |:’Cz‘jk ipps CPCIRCRS L K, jprs DT DPR s
where G4 are the derivatives of the complex structure pre-potential G, given in eq. (A.2(),
and k;j, and Rqp. are the intersection numbers of the associated Calabi-Yau manifolds and
its mirror. Further jprs and jppg are the cubic Eg invariant tensors. This expression for
the superpotential is given for the generalised half-flat manifolds discussion in section [
To specialise to half-flat mirror manifolds one should set p;o = e;, pia = 0 and qlA = 0.
Note that in this case the C'D mass term in W vanishes. NS-NS flux with flux parameters

€4 and p? leads to an additional superpotential of the usual form
Whax = €0 + €22 — 4G4 . (5.3)

For completeness, we also mention that the gauge kinetic function f is given by the dilaton,
f = s, at order o/, as expected for heterotic compactifications.

,27,



Let us now come back to some of the questions raised in the introduction. We have
seen that the low-energy theory can be written in an Eg invariant way due to a suitable
choice of the gauge connection and a related definition of the matter fields C' and D.
With the effective theory at hand, we should now re-assess the question of what the low-
energy gauge group actually is in the light of a possible spontaneous symmetry breaking
in the effective theory. It is clear from the above results that for all choices of torsion
and flux parameters, there exists a supersymmetric vacuum at C' = D = 0 where the
Eg gauge group is, of course, unbroken. The existence of this vacuum means that our
choice of gauge bundle was sensible and has provided a suitable background around which
to consider fluctuations. When the C'D term in the superpotential is present (that is,
for generalised half-flat manifolds but not for half-flat mirror manifolds) there is also the
possibility of a supersymmetric vacuum with C, D # 0 and of the order of the torsion
parameters. The gauge symmetry in this vacuum is presumably broken to SO(10) or even
smaller. However, given that the torsion parameters are presumably quantised in string
units the C' and D VEVs would be rather large and it is doubtful if this vacuum can
be considered as consistent in a theory derived as an expansion in the matter fields. We
will investigate this question in detail in a forthcoming publication [B7]. For the further
discussion, let us focus on the Eg preserving vacuum at C' = D = 0. For generalised half-flat
manifolds, when the term C'D in the superpotential is present, some or all of the vector-like
27, 27 pairs receive a large mass and will be removed from the low-energy spectrum. This
is an explicit realisation of the usual lore by which vector-like pairs of matter fields are
removed and, at low energy, one remains with a net number of families given by the Euler
number |y|/2 = |hY! — h?!|. The above results open up various avenues for exploring the
phenomenology of the heterotic string on manifolds with SU(3) structure, including the
question of heterotic moduli stabilisation [3], the precise nature of the family anti-family
pairing and, if supersymmetry breaking vacua are found, the computation of soft masses
and parameters. We hope to report on these issues in a future publication [B7.

Acknowledgments

It is a pleasure to thank Kang-Sin Choi, Takayuki Hirayama, Albrecht Klemm, Hans-Peter
Nilles and Ashoke Sen for helpful discussions and comments. A. L. is supported by the
EC 6th Framework Programme MRTN-CT-2004-503369. The work of A. M. is partially
supported by the European Union 6th framework program MRTN-CT-2004-503069 ” Quest
for unification”, MRTN-CT-2004-005104 ”ForcesUniverse”, MRTN-CT-2006-035863 ” Uni-
verseNet” and SFB-Transregio 33 ”The Dark Universe” by Deutsche Forschungsgemein-
schaft (DFG).

A. Conventions and notations

In this appendix we present our conventions and formulae which we use throughout the

paper.
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A.1 General conventions

We denote real indices on the Calabi-Yau manifold by m,n,...=1,...,6, holomorphic ones
by a, 3,...=1,2,3 and anti-holomorphic ones by @, 3,... = 1,2,3. Tangent space indices
are referred to with the same symbols as above, but with an additional tilde underneath,
so for example we use m for a real tangent space index.

Indices i,7,... = 1,...,A%" and a,b,... = 1,...,h*>! label objects on the moduli
spaces of Kahler and complex structure deformations, respectively. We shall also use the
capitalised versions of these indices to label projective coordinates on these spaces, that is,
for example A, B,...=0,1,...,h%! for the projective complex structure moduli space.

Finally we use capital letters from the middle of the alphabet M, N, ... for the quan-
tities which transform under 27 of Ej.

Where possible we shall use form notation. We use the following conventions:

e We define a p-form as F,, = %le___mpdxml AL A dx™r.

e the exterior product of a p- and a g-form is defined as

F, NGy = LlemmpG dx™ A ... A dx™r+e which implies the component

plq! Mp+1..-Mp+q
: _ (pt+9)! i i
relation (Fp A Gg)my..mprq = g Fimy..myGmpir..myy s Where the antisymmetrisa-

tion is always understood to be of unit norm.

e we define the Hogde star * such that F, A xF), = %!lemmmel"'mP.

A.2 Conventions for Calabi-Yau manifolds

We now collect some equations and conventions in relation to Calabi-Yau moduli spaces.
They will be applied identically to the SU(3) structure manifolds in sections [} and f|, which
are the main subject of this paper.

We denote by J the Kéahler form and by € the holomorphic (3,0) form on the
Calabi-Yau manifold X. We choose a basis (w;) of harmonic (1,1) forms for the second
cohomology group H!'(X) and also introduce the dual (2,2) forms @‘. Further, we
require a symplectic basis (a4, 3?) of the third cohomology. These forms satisfy the

standard normalisation integrals
/wi AN =6, (A.1)
/aAAﬁBzaﬁ, /aA/\aB:/BA/\BBzo. (A.2)

The moduli space is parameterized by deformations of the Kéahler form J and of the
holomorphic (3,0) form €2 which we expand as

J = viw; , (A.3)
Q= 2%, —Gapt. (A.4)

Here, v* denote the Kihler moduli and Z4 are projective coordinates on the complex
structure moduli space. Further, G4 denote the first derivatives of the prepotential G. The
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complex structure moduli are given by

Za
Za = ﬁ s (A5)
and, for convenience, we adopt the convention that 2% = 1.

The metrics on these moduli spaces can be written as
1
95 = g | wi N (A.6)

1
= i A%, A.
Yab IQAQ/X A X (A7)

where y, form a basis for the (2, 1) harmonic forms. Their relation to the above symplectic
basis (a4, ?) is encoded in Kodaira’s formula
o0

e K04, A.
5pa + X (A.8)

where, K, denotes the derivative of the complex structure Kéhler potential, is given
in ([A.19). The inverse relations are somewhat more complicated to write down. They can
be found in the literature, for example in appendix A of ref. [P which follows the same
conventions as the present paper. Here we shall only give the formulae for the (1,2) parts

1 _

(50)172 = —megbaXa )
1 — —

(BQ)LQ = _fQ /\Q (gab + za CQCb> XI;a (Ag)
1 _

(aA)LQ - _mgab (gAa + KagA)XB )

which are needed for various calculations throughout the paper. As these forms are real,
the (2,1) parts can be simply obtained by complex conjugation.

Since 2 is a (3,0) form on a (almost) complex three-dimensional manifold, it should
be proportional to the complex € symbol. We write

Qagy = [|Ql€asy , (A.10)
where the norm of € is defined as
1 ~ ) ~
1917 = 5202 = £ [210, (A11)

and K denotes the volume of the Calabi-Yau manifold

1
ICZE/J/\J/\J. (A.12)
Moreover, we use the conventions for the complex indices that © (and thus €) is imaginary

anti-self-dual (IASD)
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while the (2,1) forms y are imaginary self-dual (ISD)
kX = 1X . (A.14)

We will frequently use the isomorphism between the space H*!(X) of (2, 1) harmonic forms
and the space H%!(X, T X) of (0,1) harmonic forms with values in the holomorphic tangent

bundle whose elements we denote by 7,. Explicitly, this isomorphism can be written as

1 _
e a®y By
(na)a 2||Q||2 (Xa)ﬂ’y Qa 3 (A15)

In terms of the forms 7, the metric on the moduli space of complex structure defor-
mations can be expressed as

9= [ ()W) (A16)

Here, as in the rest of the paper, we have suppressed the measure /g in the integral.

The Kéhler deformations v* can be viewed as imaginary parts of the complexified fields
t'. Written in terms of these complexified fields, the metric ([A-f) is Kihler with associated
Kahler potential

1 . j S ~
Kk(t)=—InK =—In <6Kijkv’vjvk> =—In [4—28/@]‘1@(# — Y =)tk - )| . (A7)

Here we have used eq. (A.13) for the volume and the expansion ([A.3) of J. The triple

intersection numbers KC;;;, are given by
Kijk = /wi ANwj N\ wg . (A.18)

Similarly, the complex structure moduli space metric (A7) is also Kihler with associ-
ated Kahler potential

Kes(2) = —1m'/Q AQYL. (A.19)
This Kahler potential can be expressed explicitely in terms of the complex structure moduli

and the prepotential G using eq. (A4). In the large complex structure limit the prepotential
takes the form

1 Kgpo 2020 2¢
_ - =~ A.20
PRl s (A.20)
with )
Kabe = —i/(%)a”‘(?717);;6(77c)ﬂﬂomﬁo‘m : (A.21)
being — up to a constant normalisation — the intersection numbers of the Calabi-Yau

manifold mirror to X. In this case, the complex structure Kéhler potential K is of the
same form as the one for the Kéhler moduli (A.17), that is,

Ku(t) = —1n [Z%Kabc(za _ ) (sb — ) (20— 5| (A.22)
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A.3 Commutators and traces

In this subsection we present our conventions for Eg generators with respect to the maximal
subgroup SU(3) x Es. We split the Eg generators into four groups, Sap T, Top and Tsp,
in line with the decomposition

(248) = (8,1)® (1,78)®(3,27)® (g,ﬁ) . (A.23)
—— e N N——
Sap e Tap [sp

of the adjoint of Eg under SU(3) x Eg. Note that the index P is used to label objects which
transform as a 27 under Eg . The matrices S, in the adjoint of SU(3) are subject to the
constraint S,% = 0.

With these conventions the Fg commutation relations can be written as

[Tap. Tpr] = cag”jpr Tss | (A.24)
[Tor. Tsa) = 9apkpn + 9pRSas - (A.25)
(S5, Tar] = —gayTpp + égﬁfyTaP ; (A.26)
[Top, T"] = kb Tug . (A.27)

Note that the jprg is the fully symmetric, cubic invariant of Fg. One can easily show that
—k:}“;R are the components of the Eg generators in the 27 representation. The Fg Jacobi
identity implies that ) ) )

Jrr kLg + jrs kps + jsp ks = 0. (A.28)

Finally we use the following normalisation for the (3,27) generators
tr(TarT3p) = 9ap9rR - (A.29)

Combining the last equation with eq. ((A.24) one finds the useful formula
tr(TapTprTYS) = €apyJPRS - (A.30)

for the cubic Eg invariants jpgrs.

References

[1] P. Candelas, G.T. Horowitz, A. Strominger and E. Witten, Vacuum configurations for
superstrings, [INucl. Phys. B 258 (1985) 4.

[2] A. Strominger, Superstrings with torsion, |[Nucl. Phys. B 274 (1986) 253

[3] C.M. Hull, Superstring compactifications with torsion and space-time supersymmetry,

PRINT-86-0251-CAMBRIDGH.

[4] K. Becker and K. Dasgupta, Heterotic strings with torsion, JHEP 11 (2002) 006
[hep-th/0209077].

[5] G. Lopes Cardoso et al., Non-Kdhler string backgrounds and their five torsion classes,
| Phys. B 652 (2003) § [hep-th/021111§].

,32,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB258%2C46
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB274%2C253
http://www-spires.slac.stanford.edu/spires/find/hep/www?r= PRINT-86-0251-CAMBRIDGE
http://jhep.sissa.it/stdsearch?paper=11%282002%29006
http://arxiv.org/abs/hep-th/0209077
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB652%2C5
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB652%2C5
http://arxiv.org/abs/hep-th/0211118

[6] K. Becker, M. Becker, K. Dasgupta and P.S. Green, Compactifications of heterotic theory on
non-Kéhler complex manifolds. I, JHEP 04 (2003) 007 [hep-th/0301161)].

[7] K. Becker, M. Becker, K. Dasgupta and S. Prokushkin, Properties of heterotic vacua from
superpotentials, [INucl. Phys. B 666 (2003) 144 [hep-th/0304001].

[8] G. Lopes Cardoso, G. Curio, G. Dall’Agata and D. Liist, BPS action and superpotential for
heterotic string compactifications with fluxes, JHEP 10 (2003) 004 [hep-th/0306088];
Heterotic string theory on non-Kdhler manifolds with H-flux and gaugino condensate,
[Fortschr. Phys. 52 (2004) 483 [hep-th/0310021]].

[9] K. Becker, M. Becker, P.S. Green, K. Dasgupta and E. Sharpe, Compactifications of heterotic
strings on non-Kdhler complex manifolds. II, [Nucl. Phys. B 678 (2004) 19 [hep-th/0310059].

[10] M. Serone and M. Trapletti, String vacua with fluzx from freely-acting orbifolds, JHEP O

(2004) 019 [hep-th/031024§].

[11] M. Becker and K. Dasgupta, Kdhler versus non-Kdihler compactifications, hep-th/0312221).

[12] A.R. Frey and M. Lippert, AdS strings with torsion: non-complex heterotic compactifications,
[Phys. Rev. D 72 (2005) 126001] [hep-th/0507209].

[13] K. Becker and L.-S. Tseng, Heterotic flur compactifications and their moduli,

741 (2006) 162 [hep-th/0509131].

[14] U. Gran, P. Lohrmann and G. Papadopoulos, The spinorial geometry of supersymmetric
heterotic string backgrounds, [JHEP 02 (2006) 069 |hep-th/0510176].

[15] P. Manousselis, N. Prezas and G. Zoupanos, Supersymmetric compactifications of heterotic
strings with fluzes and condensates, [Nucl. Phys. B 739 (2006) 8§ [hep-th/0511123)].

[16] K. Becker, M. Becker, J.X. Fu, L.S. Tseng and S.T. Yau, Anomaly cancellation and smooth
non-Kdhler solutions in heterotic string theory, [Nucl. Phys. B 751 (2006) 10§
lhep-th/0604137.

[17] U. Gran, G. Papadopoulos and D. Roest, Supersymmetric heterotic string backgrounds,

Lett. B 656 (2007) 119 [arXiv:0706.44017).

[18] R. Rohm and E. Witten, The antisymmetric tensor field in superstring theory,

(NY) 170 (1986) 454.

[19] S. Chiossi and S. Salamon, The intrinsic torsion of SU(3) and Gg structures,
jnath.DG/0202289.

[20] S. Gurrieri, J. Louis, A. Micu and D. Waldram, Mirror symmetry in generalized Calabi-Yau
compactifications, [Nucl. Phys. B 654 (2003) 61| [hep-th/0211102].

[21] S. Gurrieri and A. Micu, Type IIB theory on half-flat manifolds, |Class. and Quant. Grav. 2(

(2003) 2181 [hep-th/0212274)].

[22] S. Gurrieri, A. Lukas and A. Micu, Heterotic on half-flat, [Phys. Rev. D 70 (2004) 126009
[hep-th/0408121.

[23] B. de Carlos, S. Gurrieri, A. Lukas and A. Micu, Moduli stabilisation in heterotic string
compactifications, |[JHEP 03 (2006) 005 [hep-th/0507173.

[24] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi- Yau four-folds, [Nucl. Phys. B 584

(2000) 69 [Erratum ibid. B 608 (2001) 477] [hep-th/990607].

,33,


http://jhep.sissa.it/stdsearch?paper=04%282003%29007
http://arxiv.org/abs/hep-th/0301161
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB666%2C144
http://arxiv.org/abs/hep-th/0304001
http://jhep.sissa.it/stdsearch?paper=10%282003%29004
http://arxiv.org/abs/hep-th/0306088
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=FPYKA%2C52%2C483
http://arxiv.org/abs/hep-th/0310021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB678%2C19
http://arxiv.org/abs/hep-th/0310058
http://jhep.sissa.it/stdsearch?paper=01%282004%29012
http://jhep.sissa.it/stdsearch?paper=01%282004%29012
http://arxiv.org/abs/hep-th/0310245
http://arxiv.org/abs/hep-th/0312221
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD72%2C126001
http://arxiv.org/abs/hep-th/0507202
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB741%2C162
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB741%2C162
http://arxiv.org/abs/hep-th/0509131
http://jhep.sissa.it/stdsearch?paper=02%282006%29063
http://arxiv.org/abs/hep-th/0510176
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB739%2C85
http://arxiv.org/abs/hep-th/0511122
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB751%2C108
http://arxiv.org/abs/hep-th/0604137
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB656%2C119
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB656%2C119
http://arxiv.org/abs/0706.4407
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C170%2C454
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C170%2C454
http://arxiv.org/abs/math.DG/0202282
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB654%2C61
http://arxiv.org/abs/hep-th/0211102
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2C2181
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2C2181
http://arxiv.org/abs/hep-th/0212278
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C126009
http://arxiv.org/abs/hep-th/0408121
http://jhep.sissa.it/stdsearch?paper=03%282006%29005
http://arxiv.org/abs/hep-th/0507173
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB584%2C69
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB584%2C69
http://arxiv.org/abs/hep-th/9906070

[25]

[26]

[27]

[28]
[29]

[30]

S. Gukov, Solitons, superpotentials and calibrations, |Nucl. Phys. B 574 (2000) 169
lhep-th/9911011].

M. Cyrier and J.M. Lapan, Towards the massless spectrum of non-Kdahler heterotic
compactifications, [Adv. Theor. Math. Phys. 10 (2007) 853 [hep-th/0605131].

J.-X. Fu and S.-T. Yau, The theory of superstring with fluz on non-Kdhler manifolds and the
complex Monge-Ampere equation, hep—th/0604063.

E. Witten, Dimensional reduction of superstring models, |Phys. Lett. B 155 (1985) 151|.

R. D’Auria, S. Ferrara, M. Trigiante and S. Vaula, Gauging the Heisenberg algebra of special
quaternionic manifolds, |Phys. Lett. B 610 (2005) 147 [hep-th/0410294].

M. Grana, J. Louis and D. Waldram, Hitchin functionals in N = 2 supergravity, JHEP 0

(2006) 009 [rep-th/0505264).

[31]

[32]

[33]

[34]

M.B. Green, J.H. Schwarz and E. Witten, Superstring theory, vol. 2, Cambridge University
Press, Cambridge U.K. (1988).

E.A. Bergshoeff and M. de Roo, The quartic effective action of the heterotic string and
supersymmetry, [INucl. Phys. B 328 (1989) 439.

L.J. Dixon, V. Kaplunovsky and J. Louis, On effective field theories describing (2,2) vacua of
the heterotic string, Nucl. Phys. B 329 (1990) 21.

F. Paccetti Correia and M.G. Schmidt, Moduli stabilization in heterotic M-theory,
lrXiv:0708.3804.

H.P. Nilles, Supersymmetry, supergravity and particle physics, [Phys. Rept. 110 (1984) 1.

I. Benmachiche, Heterotic and type II orientifold compactifications on SU(3) structure
manifolds, DESY-THESIS-2006-016.

B. de Carlos, A. Lukas and A. Micu, in preparation.

L. Bedulli and L. Vezzoni, The Ricci tensor of SU(3)-manifolds, J. Geom. Phys. 57 (2007)
1125 [math.DG/0606784.

T. Ali and G.B. Cleaver, The Ricci curvature of half-flat manifolds, JHEP 05 (2007) 009
[hep-th/0612171].

,34,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB574%2C169
http://arxiv.org/abs/hep-th/9911011
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C10%2C853
http://arxiv.org/abs/hep-th/0605131
http://arxiv.org/abs/hep-th/0604063
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB155%2C151
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB610%2C147
http://arxiv.org/abs/hep-th/0410290
http://jhep.sissa.it/stdsearch?paper=01%282006%29008
http://jhep.sissa.it/stdsearch?paper=01%282006%29008
http://arxiv.org/abs/hep-th/0505264
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB328%2C439
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB329%2C27
http://arxiv.org/abs/0708.3805
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C110%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?r= DESY-THESIS-2006-016
http://arxiv.org/abs/math.DG/0606786
http://jhep.sissa.it/stdsearch?paper=05%282007%29009
http://arxiv.org/abs/hep-th/0612171

